Abstract. We determine accurate asymptotics for the low-lying eigenvalues of the Robin Laplacian when the Robin parameter goes to −∞. The two first terms in the expansion have been obtained by K. Pankrashkin in the 2D-case and by K. Pankrashkin and N. Popoff in higher dimensions. The asymptotics display the influence of the scalar curvature and the splitting between every two consecutive eigenvalues. The analysis is based on the approach developed by Fournais-Helffer for the semi-classical magnetic Laplacian. We also propose a WKB construction as candidate for the ground state energy.
Introduction
Let Ω ⊂ R 2 be an open domain with a smooth C ∞ and compact boundary Γ = ∂Ω such that the boundary Γ has a finite number of connected components. The unit outward normal vector of the boundary ∂Ω is denoted by ν.
In this paper, we study the low-lying eigenvalues of the Robin Laplacian in L 2 (Ω) with a large parameter. This is the operator Denote by (λ n (γ)) the sequence of min-max values of the operator P γ . In [15, 16, 3] , it is proved that, for every fixed n ∈ N, λ n (γ) = −γ 2 + κ max γ + γ o(1) as γ → −∞ , (1.4) where κ max is the maximal scalar curvature along the boundary Γ. Note that the first term in (1.4) is obtained previously (see [13] and references therein). If the domain Ω is an exterior domain, then the operator P γ has an essential spectrum; the essential spectrum is [0, ∞), see e.g. [9] . In this case, the asymptotics in (1.4) show that, for every fixed n, if −γ is selected sufficiently large, then λ n (γ) is in the discrete spectrum of the operator P γ . When the domain Ω is an interior domain, i.e. bounded, then by Sobolev embedding, the operator P γ is with compact resolvent and its spectrum is purely discrete.
The aim of this paper is to improve the asymptotic expansion in (1.4) and to give the leading term of the spectral gap λ n+1 (γ) − λ n (γ). We will do this under a generic assumption on the domain Ω that we describe below.
Suppose that the boundary ∂Ω is parameterized by arc-length and κ is the scalar curvature of ∂Ω. Let κ max denotes the maximal value of κ. We choose the arc-length parametrization of the boundary such that κ(0) = κ max . Throughout this paper, we suppose that:
κ attains its maximum κ max at a unique point ; the maximum is non-degenerate, i.e. k 2 := −κ ′′ (0) > 0.
The main result in this paper is:
1 Theorem 1.1. For any positive n, there exists a sequence (ζ j,n ) j∈N * , such that, for any positive M , the eigenvalue λ n (γ) has, as γ → −∞, the asymptotic expansion λ n (γ) = −γ 2 + γκ max + (2n − We will prove in Section 7.3 that for all n, ζ j,n = 0 when j is even. Compared to the existing semi-classics of Schrödinger operators (see [8] ), the scalar curvature in Theorem 1.1 acts as a potential well. The assumption (A) indicates the case of a unique well. As in [8] , a natural and interesting question is to discuss the case of multiple wells. If we replace (A) by (A ′ ) κ attains its maximum κ max at a finite number of points {s 0 , s 1 , · · · , s j } ; the maximum is non-degenerate, i.e. for all i, k 2,i := −κ ′′ (s i ) > 0.
then many effects can appear depending on the values of the κ ′′ (s i ) (as in the case of the Schrödinger operator). In case of symmetries, the determination of the tunneling effect between the points of maximal curvature is expected to play an important role. A limiting situation is discussed in [7] when the domain Ω has two congruent corners (at a corner, we can assign the value ∞ to κ max ). In the regular case (typically an ellipse), an interesting step could be a construction of WKB solutions in the spirit of a recent work by V. Bonnaillie, F. Hérau and N. Raymond [1] . We address this WKB construction shortly in Section 9, and hope to come back at this point in a future work.
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Transformation into a semi-classical problem
We will prove Theorem 1.1 by transforming it into a semi-classical problem as follows. Let
The limit γ → −∞ is now equivalent to the semi-classical limit h → 0 + . Notice the simple identity,
We define the operator Clearly,
Let (µ n (h)) be the sequence of min-max values of the operator L h . To determine the asymptotics of λ n (γ) as γ → −∞, we will determine the semi-classical asymptotics of µ n (h) as h → 0 + . Now, Theorem 1.1 is a rephrasing of:
Theorem 2.1. For any positive n, there exists a sequence (ζ j,n ) j∈N * , such that, as h → 0 + , the eigenvalue µ n (h) has for any positive M the asymptotic expansion µ n (h) = −h − κ max h 3/2 + (2n − 1) k 2 2 h 7/4 + h We mention one more time that in Section 7.3, we will prove that for all n, ζ j,n = 0 when j is even.
The proof of Theorem 2.1 consists of two major steps. In the first step, we establish a threeterm asymptotics
which is valid under the weaker assumption that the boundary of the domain Ω is C 4 smooth. This asymptotic expansion will be established in Sections 6 and 8. The next step is to construct good trial states and use the spectral theorem to establish existence of n-eigenvalues of the operator L h satisfying the refined asymptotics,
which in light of the three-term asymptotics for µ n (h), yields the equality
for h > 0 sufficiently small. This analysis is presented in Section 7. Throughout this paper, the notation O(h ∞ ) indicates a quantity satisfying that, for all N ∈ N, there exists C N > 0 and
Examples of such quantities are exponentially small quantities, like exp(−h −1/2 ). The letter C denotes a positive constant independent of the parameter h. The value of C might change from one formula to another.
Boundary coordinates
The key to prove Theorem 2.1 is a reduction to the boundary. Near the boundary, we do the computations using specific coordinates displaying the arc-length along the boundary and the normal distance to the boundary. In this section, we introduce the necessary notation to use these coordinates.
We will work in a connected component of the boundary. For simplicity, we suppose that Ω is simply connected; if Ω is not simply connected, we use the coordinates in each connected component independently. Let
be a parametrization of ∂Ω. The unit tangent vector of ∂Ω at the point M (s) of the boundary is given by
We define the scalar curvature κ(s) by the following identity
where ν(s) is the unit vector, normal to to the boundary, pointing outward at the point M (s).
We choose the orientation of the parametrization M to be counterclockwise, so
For all δ > 0, define V δ = {x ∈ Ω : dist(x, ∂Ω) < δ}, The map Φ is defined as follows :
Alternatively, for x ∈ V t 0 , one can write
where t(x) = dist(x, ∂Ω) and s(x) ∈ R/(|∂Ω|Z) is the coordinate of the point
The determinant of the Jacobian of the transformation Φ −1 is given by:
For all u ∈ L 2 (V δ ), define the function
For all u ∈ H 1 (V t 0 ), we have, with u = u • Φ,
and
Three auxiliary operators
In this section, we introduce three reference 1D-operators and determine their spectra.
4.1. 1D Laplacian on the half line. As simplest model, we start with the operator
The spectrum of this operator is {−1} ∪ [0, ∞). This operator will appear in Sections 6, 7 and 9. However, this operator has the drawback that it is not with compact resolvent. To overcome this issue, we consider this operator in a bounded interval (0, L) with L sufficiently big and Dirichlet condition at τ = L. This operator has a compact resolvent, and we will have fair knowledge about the behavior of its spectrum in the limit L → ∞.
1D Laplacian on an interval.
Let h > 0 and ρ ∈ (0, 1). Consider the self-adjoint operator,
3) with domain,
The spectrum of the operator H 0,h is purely discrete and consists of a strictly increasing sequence of eigenvalues denoted by (λ n (H 0,h )).
Note that this operator is associated with the quadratic form
The next lemma gives the localization of the two first eigenvalues λ 1 (H 0,h ) and λ 2 (H 0,h ) for small values of h. Lemma 4.1. As h → 0 + , there holds,
Proof. Let w ≥ 0 and λ = −w 2 be a negative eigenvalue of the operator H 0,h with an eigenfunction u. We have,
If w = 0 and h < 1, then the unique solution of (4.6) is u = 0. Thus, we suppose that w > 0. Easy computations give us,
with the following condition on w,
Define the function
We will locate the zeros of f in R + = (0, ∞). Notice that f (v) > 0 for all v ≥ 1. This forces the solution w of (4.8) to live in (0, 1). Notice that, there exists h 0 ∈ (0, 1) such that, for all h ∈ (0, h 0 ),
This forces w to live in
Thus f has a unique zero w h in the interval (1 − h ρ/2 , 1). This zero corresponds to the first eigenvalue of H 0,h by the relation λ 1 (H 0,h ) = −w 2 h . Inserting
into (4.8), we get that
As a consequence, we observe that λ 1 (H 0,h ) = −w 2 h satisfies (4.5). Since f does not vanish in
Remark 4.2. Note that by domain monotonicity and minimax characterization, we get directly of the spectrum of H 0,0 that λ 1 (H 0,h ) ≥ −1 and λ 2 (H 0,h ) ≥ 0.
Remark 4.3. Along the proof of Lemma 4.1, we obtain that the eigenspace of the first eigenvalue λ 1 (H 0,h ) is generated by the function
with w h a constant satisfying (4.9). The constant A h is selected such that u 0,h is normalized in L 2 ((0, h −ρ )). As h → 0 + , A h satisfies,
4.3. 1D operator in a weighted space. Let h ∈ (0, 1), β ∈ R, ρ ∈ (0, 1/2) and |β|h
. Consider the self-adjoint operator,
with domain
The operator H β,h is the Friedrichs extension in L 2 (0, h −ρ ); (1 − βh 1/2 τ )dτ associated with the quadratic form defined for u ∈ V h , by
The operator H β,h is with compact resolvent. The strictly increasing sequence of the eigenvalues of H β,h is denoted by (λ n (H β,h )) n∈N * . The next lemma localizes the spectrum of H β,h near that of the operator H 0,h as h goes to 0.
Lemma 4.4. There exist constants C > 0 and h 0 ∈ (0, 1) such that, for all h ∈ (0, h 0 ) and n ∈ N * , there holds,
Proof. There exists a constant C > 0 such that, for all u ∈ H 1 ((0, h −ρ )),
. The conclusion of the lemma is now a simple application of the min-max principle.
The next proposition states a two-term asymptotic expansion of the eigenvalue λ 1 (H β,h ) as h → 0 + . Proposition 4.5. There exist constants C > 0 and h 0 ∈ (0, 1) such that, for all h ∈ (0, h 0 ) and |β|h ρ < 1 3 , there holds,
Proof. Consider the function,
Clearly, the function f is in the domain of the operator H β,h . It is easy to get the estimates:
By the spectral theorem, we deduce that there exists an eigenvalue λ(H β,h ) of H β,h such that,
Thanks to Lemmas 4.1 and 4.4, we have 
Proof. Let t(x) = dist(x, ∂Ω) and Φ(x) = exp(
. By an integration by parts, we get the useful identity,
. Associated with this partition of unity, we have the simple standard decomposition,
A rearrangement of the terms in (5.1)-(5.3) will yield the existence of a constant C such that,
The definition of Φ, the assumption on µ(h) < 0, and the normalization of u h yield,
At this stage we are left with the inequality:
In a small tubular neighborhood of the boundary, we may use the boundary coordinates (s, t) recalled in Section 3 and obtain,
By a scaling argument and the min-max principle, we may apply Lemma 4.1 to obtain,
Now, we infer from (5.4),
which is enough to deduce the conclusion in Theorem 5.1.
Localization near the point of maximal curvature.
We will apply the result in Lemma 4.5 to obtain a lower bound of the quadratic form
There exist constants C > 0 and h 0 ∈ (0, 1) such that, for all h ∈ (0, h 0 ) and
where
Proof. Consider a partition of unity of R,
We have the decomposition,
, where
Thus,
In the support of χ 1,h , we may use the boundary coordinates (s, t) recalled in Section 3 and write,
Recall the operator in H β,h in (4.12). By a simple scaling argument and the min-max principle, we have,
Thanks to Proposition 4.5, we deduce the following lower bound,
Therefore, after collecting the lower bounds for q 1,h (u) and q 2,h (u), we deduce that,
To finish the proof of Theorem 5.2, we select the constant
. Using the inequalities in (5.7)-(5.8) and the upper bound satisfied by µ(h), we get the interesting estimate
To see this, notice that
. Now plugging (5.9) into (5.7), we get,
In the support of χ 1,h , we may write (1 − tκ(s)) −1 ≥ 1 and get the inequality in (5.10).
Remark 5.4. The min-max principle and the conclusion in Theorem 5.2 yield a lower bound on the first eigenvalue of the operator L h , namely, there exists h 0 > 0 such that, for all h ∈ (0, h 0 ),
As a consequence of Theorem 5.2, we can prove, following the same steps as in [5, Thm. 4.9] , that:
There exist constants C > 0, α > 0 and h 0 ∈ (0, 1) such that, if u h is a normalized eigenfunction of the operator L h with eigenfunction
The localization of the bound states in Theorem 5.5 near the set
can be expressed using the Agmon distanced ∂Ω (s, n(∂Ω)) in ∂Ω associated with the metric
As in [4, Theorem 8.3 .4], Theorem 5.2 yields the following conclusion. Let M > 0. There exists δ > 0 and for all ǫ > 0, there exist h ǫ > 0 and C ǫ > 0 such that, for all h ∈ (0, h ǫ ], if u h is a normalized ground state as in Theorem 5.5, then,
This estimate may have an advantage over that in Theorem 5.5 when approximating the bound states by suitably constructed trial states. A simple consequence of Theorems 5.1 and 5.5 is:
Under the assumptions in Theorem 5.5, if t 0 is sufficiently small, then there exists a constant C such that,
Here we have also used the first localization.
Construction of approximate eigenfunctions
In this section, we construct trial states (φ n ) in the domain of the operator L h such that, for every fixed n ∈ N, we have,
Notice that a direct consequence of (6.1) is:
2) The trial states (φ n ) will be supported near the boundary of Ω, so that the use of the boundary coordinates (s, t) recalled in Section 3 is valid. The operator L h is expressed in (s, t) coordinates as follows,
where a(s, t) = 1 − tκ(s) . In boundary coordinates, the Robin condition in (1.2) becomes
The boundary condition is now transformed to
Recall that the value of the maximal curvature is κ max = κ(0). We have the following asymptotic expansions,ã
where, for 0 < h <
This gives us the following identities,
where the functions q 1 , q 2 , q 3 satisfy for 0 < h <
We note for further use the expressions of the functions q 1 , q 2 , q 3 ,
Consequently, we have the formal expansion of the operator
Since κ(0) is the non-degenerate maximum of κ, then κ ′′ (0) < 0. The eigenvalues of the harmonic oscillator
with n ∈ N. The corresponding normalized eigenfunctions are denoted by f n (σ). They have the form
where the h n (σ) are the rescaled Hermite polynomials.
Define the trial state φ n ∈ L 2 (Ω) in (s, t) coordinates as follows,
19) The function u 0 should be interpreted as the ground state of the model operator H 0,0 introduced in (4.1).
The construction of the trial state φ n is based on the simple observation that the function g(σ, τ ) = u 0 (τ )f n (σ) satisfies
so that, in light of the expression of the operator L h in (6.15), we expect that (6.1) holds true. The computations that we present below will show that (6.1) is indeed true.
First, notice that, the explicit expression of φ n and (3.5) give us
Next, we observe that, after a change of variables, (6.15) yields,
where ϕ n (σ, τ ) = φ n (h 1/8 σ, h 1/2 τ ) and
Using the expression of Q h and the exponential decay of u 0 and f n at infinity, it is easy to check that,
Now, we infer from (6.21),
thereby proving (6.1).
Next, we indicate how (6.1) is useful to obtain upper bounds of the eigenvalues of the operator L h . As a consequence of the spectral theorem, (6.1) yields that, for every fixed n ∈ N, there exists an eigenvalue µ n of the operator L h such that
Thus, for every n ∈ N and h > 0 sufficiently small, we get an increasing sequence of distinct eigenvalues ( µ j ) n j=1 of the operator L h . Clearly, the min-max eigenvalues (µ j (L h )) of the operator L h will satisfy,
In that way, we arrive at:
There exist constants h n ∈ (0, 1) and C n > 0 such that the min-max
7.
Refined trial states
In this section, we construct trial states that will give us, together with the lower bounds that we will derive in the next section, an accurate expansion of the eigenvalues of the operator L h valid to any order. In (6.15), we derived the expression of the operator L h in the re-scaled boundary coordinates (σ, τ ) = (h −1/8 s, h −1/2 t). The expansion in (6.15) involves the operators P 0 , P 2 , P 3 , Q h in (6.16). The key to the construction of the trial states is to expand the operator Q h in powers of h 1/8 .
The functions q 1 , q 2 and q 3 in (6.16) admit Taylor expansions that can be rearranged in the form,
with the functions q k,j (σ, τ ) being polynomial functions of (σ, τ ). The operator Q h in (6.16) admits the formal expansion,
Furthermore, there holds the property that, for every j and f ∈ S(R × R + ), there exists a constant C j,f such that, Q j f 1 ≤ C j,f . Remember from (6.19) that u 0 (τ ) = √ 2 exp(−τ ) and f n (σ) is the n-th normalized eigenfunction of the harmonic oscillator
For all M ≥ 0, we introduce the two operators,
Thanks to (6.15) and (7.2), for every f ∈ S(R × R + ), there exists a constant C > 0 such that, for all h ∈ (0, 1),
(7.5) Let n ∈ N. We will construct a sequence of real numbers (ζ j,n ) ∞ j=0 and two sequences of real-valued Schwartz functions
and for all M ∈ N, the function
is in the Schwartz space S(R × R + ) and satisfies (for all h ∈ (0, h n,M ))
C n,M > 0 and h n,M are two constants determined by the values of n and M solely. Let us mention that, for every j, our definition of the function g n,j (σ, τ ) ensures that it is a finite sum of functions having the simple form F (σ) × U (τ ).
Before we proceed in the construction of the aforementioned sequences, we show how they give us refined expansions of the eigenvalues of the operator L h . Let χ 1 be the cut-off function as in (6.18 ). Define a function φ n,M in L 2 (Ω) by means of the boundary coordinates as follows,
The function φ n,M is in the domain of the operator L h because the functions g n,j and u 0 satisfy the Robin condition at τ = 0. Since all involved functions in the expression of Ψ n,M are in the Schwartz space, then multiplying by cut-off functions will produce small errors in the various calculations-all the error terms are O(h ∞ ). Also, since the function
Thanks to (7.5) and (7.6), we get that,
The spectral theorem now gives us:
Theorem 7.1. Let n ∈ N. For every M ≥ 0, there exists an eigenvalue µ n (h) of the operator L h such that, as h → 0 + ,
The rest of the section is devoted to the construction of the numbers ζ j,n and the functions Ψ n,M . That will be done by an iteration process. For simplicity, we will drop n from the notation and write ζ j , Ψ j , · · · .
The sequence (ζ j,n ).
Construction of (ζ n,0 , Ψ n,0 ) = (ζ 0 , Ψ 0 ). We want to find a real number ζ 0 and two functions v 1 (σ), g 0 (σ, τ ) such that,
Recall that the expression of the operator L h,M for M = 0,
For every Schwartz function v(σ), there holds the two simple identities,
In order that (7.5) is satisfied for M = 0, it is sufficient to select ζ 0 , g 0 (σ, τ ) and v 1 (σ) as follows,
We can select ζ 0 such that,
This is given by the formula:
Consequently,
Since H harm − k 2 2 (2n − 1) can be inverted in the orthogonal complement of the n-th eigenfunction f n (σ), we may select v 1 (σ) to be
As a consequence of the choice of ζ 0 and v 1 (σ), we get that, for all σ,
Furthermore, since F 0 = q 1,0 ∂ τ + q 2,0 ∂ 2 σ + q 3,0 ∂ σ and every q i,0 is a polynomial in (σ, τ ), then the function w 1 (σ, τ ) can be expressed in the form
where the functions h 1 , u i and G i are Schwartz functions (they inherit this property from the functions u 0 and f n ). The operator P 0 + 1 can be inverted in the orthogonal complement of {u 0 (τ )}, and the inverse is an operator in L 2 (R + ) which sends S(R + ) into itself. The proof of this is standard and follows the same argument as in [5, Lemma A.5] . In that way, we may select g 0 (σ, τ ) to be,
and this function is in the Schwarz space S(R × R + ), thanks to the decomposition of w 1 in (7.11).
The iteration process.
Here we suppose that we have selected (ζ 0 , · · · , ζ M ; Ψ 0 , · · · Ψ M ) and we explain how to select
Notice that we have
8 Q M +1 , and that (7.5) is satisfied for order M .
We have,
We select ζ M +1 such that,
We select v M +2 (σ) as follows
As a consequence of the choice of ζ M +1 and v M +2 (σ), we get that, for all σ,
Finally, we select g M +1 (σ, τ ) as follows,
7.3.
Vanishing of even indexed ζ j,n . Let us start by observing that f 1 (σ) is a Gaussian, hence an even function. The other eigenfunctions f n (σ) are generated from f 1 (σ) by the recursive relation
where the constant c n normalizes f n in L 2 (R), and
The operator L + transforms even functions to odd functions, and odd functions to even functions. In that way, we observe that, f n (σ) is even when n is odd, and odd otherwise.
Next we examine carefully the terms q k (σ, τ ), k ∈ {1, 2, 3}. Thanks to (6.14), we see that,
with α(x, y) being a smooth function. We will abuse notation and identify q 1 with its Taylor expansion. In that way we write,
Consequently, in the above expansion of q 1 (σ, τ ), we see that the coefficients of the terms with odd powers of σ have even powers of h 1/8 (actually k is odd iff (k − 3) + 4(m − k) is even).
Returning to the expansion of q 1 (σ, τ ) in (7.1), we get that, for all even j, the function q 1,j (σ, τ ) is an odd function of σ, while for odd j, it is an even function of σ.
A similar analysis of the terms q 2 (σ, τ ) and q 3 (σ, τ ) shows that, for all j, the term q 2,j (σ, τ ) is an odd function of σ iff j is even, and q 3,j (σ, τ ) is an odd function of σ iff j is odd.
By the discussion on the parity of the function f n (σ), we see that, if j is even,
is an odd function of σ when n is odd, and it is an even function when n is even. Consequently, for every n, if j is even, then the function
is an odd function of σ. Consequently, for all values of τ ,
Inserting this into (7.10) and (7.12), we get that ζ j,n = 0 for every odd j. ). In the sequel, σ and τ will denoted two variables. The variable σ will live in R (or in the interval (h −η , h η ). The variable τ will live in the interval (0, h −ρ )). When writing R σ , we mean that that the set of real numbers R is the space where the variable σ varies.
We introduce the following operators in
The L 2 -spaces that appear are equipped with the standard L 2 -norm. Recall the normalized eigenfunction u 0,h introduced in Remark 4.3. Define the bounded operators R + 0 and R − 0 as follows, 
In the subsequent subsections, we will need two operators that approximate R We use the eigenfunctions of the Laplacian L h to construct approximate eigenfunctions of the harmonic oscillator
Let n ∈ N, η ∈ (0, 1/8), and v h,n be a normalized eigenfunction of L h associated with the n-th eigenvalue µ n (h). Recall from Theorem 6.1 that µ n (h) satisfies
where M n > 0 is a constant. Define the functions ψ h,n and ψ h,n as follows: Notice that the function ψ h,n is defined in Ω by means of the boundary coordinates in (3.2).
Proposition 8.1. There holds, 
Proof. The assertions in (1) and (2) follow from Theorems 5.1 and 5.5.
Proof of (3): Thanks to the assertions in (1) and (2), we may write,
We express q h (ψ h,n ) in boundary coordinates to write (see (3.4))
Using that κ(·) is bounded, ρ ∈ (0, 1/2) and Theorem 5.1, we get,
and, as a consequence of (8.9),
We apply the change of variables (s, t) = (h 1/8 σ, h 1/2 τ ) and note that the support of the function
In that way, we obtain,
We have the following simple decomposition of ψ h,n ,
with the property for every fixed σ, the functions R 
is in its orthogonal complement. In that way, we get in light of the min-max principle and Lemma 4.1, that a.e. in σ,
Integrating over σ in (−h −η , h −η ) and using also (8.10) and the property that R + 0 R − 0 is an orthogonal projector, we get
Using that µ n (h) ≤ −h + ho(1) and that ρ ∈ (0, 1 2 ), we get,
Thus we get (3).
Proof of (4): From the assertions (2) and (3) and the normalization of v h,n , we get,
Using the definition of R + 0 , we get
and the assertion in (4) follows.
Proof of (5) 
, and the assertion in (5) follows.
It results from (8.6) the following simple corollary of Proposition 8.1. 
Useful identities.
Recall the definition of the operators P 0 , P 2 , P 3 and Q h in (6.15), together with the definition of the functions q 1 , q 2 and q 3 in (6.11)-(6.12).
We introduce the operator
with a as in (6.4).
Lemma 8.3. There holds,
and C > 0 is a constant.
and r( ψ h,n ) is a function of σ satisfying for some constant C > 0 and all sufficiently small h,
Proof. The assertion in (1) follows from (4.9), the definition of u 0,h in (4.10) and a straightforward computation.
The functions u 0,h and ψ h,n vanish at τ = h −ρ and they satisfy the following Robin condition at τ = 0, ∂ τ u 0,h = −u 0,h and ∂ τ ψ h,n = −ψ h,n . Thus, an integration by parts gives, for a.e. σ,
The integral in the left hand side can be transformed to a simpler one by using the (point-wise) expression of the operator a −1 ∂ τ a∂ τ in (6.11) . This allows us to write,
The definition of the operators P 0 , P 2 in (6.16) and the assertion in (1) give us, 13) where
Since the variable τ lives in (0, h −ρ ), 0 < ρ < −ρ ). Now, the properties of the expressions ǫ 1 and ǫ 2 in assertion (1) yield
Using the normalization of ψ h,n in the L 2 -norm relative to the measure a dσ dτ , we get further,
We infer from (8.12) and (8.13) the following identity,
where R − 0,h ψ h,n is defined as in (8.4) , and the remainder term is a function of the variable σ and defined as follows,
In the support of ψ h,n , |σ| ≤ h −η and 0 ≤ τ ≤ h −ρ . The choice of ρ and η is such that ρ = 
By the Cauchy-Schwarz inequality and the assertion in (1), we may write,
The normalization of ψ h,n and the estimate a = 1 + O(h
Inserting this estimate and the one in (8.16) into (8.18), we get that the L 2 -norm in R σ of the remainder term is estimated as follows,
Next we look at the term,
Here we will need the operator R − 0,h in (8.5). Since the function u 0,h is independent of the variable σ, then,
we infer from (8.20),
where the remainder term is a function of the variable σ and defined as follows,
The definition of a and the boundedness of the curvature yield that, in the support of ψ h,n ,
and |∂
. Applying the Cauchy-Schwarz ineqaulity, using the normalization of u 0,h and the expansion a = 1 + O(h 1 2 −ρ ), we get,
Performing the change of variables (s, t) = (h 1/8 σ, h 1/2 τ ), we get (see (8.8) ),
∂ s ψ h,n 2 and ψ h,n 2 = ψ h,n 2 = 1 + o(1) . Thus, the remainder term satisfies,
We estimate the norm of ∂ s ψ h,n as in Remark 5.3. In that way we get,
Also, by (8.6 ) and the definition of ρ = 
On the other hand, we insert (8.21) into (8.20) then collect the obtained identity and (8.17) . By virtue of the definition of L h in (8.11), we get the identity in Assertion (2).
8.2.3.
Validating the approximation. In the next lemma, we show that the functions R − 0,h ψ h,n yield approximate eigenfunctions for the harmonic oscillator
Lemma 8.4. Let n ∈ N * , Λ n = µ n (h) + h + h 3/2 κ max h −7/4 and 0 < η < 1 24 . There holds,
Thanks to Remark 5.4 and Theorem 6.1, we have Λ n = O(1), as h → 0 + .
Proof of Lemma 8.4. We perform the change of variables (s, t) = (h 1/8 σ, h 1/2 τ ) and use (8.8) to write (also we use (6.3) to express the operator L h in the boundary coordinates),
By Lemma 8.1, we have,
Since the norm of the operator
Now, Lemma 8.3 and (8.6) tell us that, 
and the dimension of W n is equal to n. By the min-max principle, we deduce that the n-th eigenvalue of the harmonic oscillator H harm satisfies,
This gives the following lower bound of µ n (h),
Now, thanks to the upper bound in Theorem 6.1, we get,
Proof of Theorem 2.1. Let n ∈ N and M ∈ N ∪ {0}. Thanks to Theorem 7.1, we know that there exists an eigenvalue µ n (h) of the operator L h satisfying as h → 0 + ,
Thanks to (8.27), we observe that there exists h 0 > 0 such that, for all h ∈ (0, h 0 ),
Thus, µ n (h) satisfies the asymptotic expansion in Theorem 2.1.
WKB constructions
In this section, we shortly address the WKB construction in the spirit of Bonnaillie-Hérau-Raymond [1] (see previously in the context of the Born-Oppenheimer approximation [12]).
We start by recalling the expression in (8.11) of the operator L h in the boundary coordinates (s, t). We will express this operator in the re-scaled coordinates (s, τ ) = (s, h −1/2 t). This leads us to introduce the operator
In the (s, τ ) coordinates, the operator L h is expressed as follows,
We will abuse notation and identifyâ −1 ,â −2 andâ −3 with the series expansions in τ ,
where, for all j ∈ {0, 1, · · · },
This leads to the following expansion of the operator L h ,
We use the idea à la Born-Oppenheimer [2, 12, 14] and look for a trial state Ψ W KB (s, τ, h) having the WKB expansion
and a corresponding eigenvalue
where ϑ(s) is a real-valued function to be determined.
As we shall see, the analysis below will allow us to select µ 0 , µ 1 , · · · so that µ W KB is an expansion of the ground state energy of the operator L h (this in particularly means that we impose the Robin condition). The focus on the ground state energy is for the sake of simplicity. A slight modification of the method allows us to get expansions of all the low-lying eigenvalues of the operator L h .
We will arrange the terms in the equation 2) in the form of power series in h 1/4 and select a ℓ (s, τ ) and µ ℓ by matching the terms with coefficient h ℓ/4 . We introduce the (formal) operator,
, 1 More correctly, this means that
and notice that, (9.2) is (formally) equivalent to
The next step is to (formally) expand the operator L ϑ h as follows,
In order to get the expressions of the operators Q ϑ ℓ , we do a straightforward (but long!) calculation and observe that, Since Q ϑ 1 = 0, the term in (9.4) with coefficient h 1/4 yields,
This leads us to the natural choice µ 1 = 0 and a 1 (s, τ ) = ξ 1 (s)u 0 (τ ) .
We look at the term with coefficient h 1/2 to obtain,
Remembering that µ 0 = −1 and a 0 (s, τ ) = ξ 0 (s)u 0 (τ ), we get,
Multiplying by u 0 and integrating over τ leads us to the eikonal equation
Consequently, we take µ 2 = −κ(0), impose the condition ϑ ′ (0) = 0 and determine ϑ from (9.5).
In particular, we obtain by differentiating (9.5) two successive times,
We take a 2 in the form a 2 (s, τ ) = ξ 2 (s)u 0 (τ ) , so that the term (Q ϑ 0 + 1)a 2 vanishes. Now we look at the term with coefficient h 3/4 in (9.4). This yields, We select µ 4 such that F 1 (0) − µ 4 ξ 0 (0) = 0 , (9.11) and impose the condition ξ 1 (0) = 0 . Note that this choice is consistent with (9.10), thanks to µ 3 = ϑ ′′ (0) and ϑ ′ (0) = 0.
The assumption on the scalar curvature is that it attains its maximal value at the unique point s = 0. Notice that, by (9.5), for s ∈ (− 
|∂Ω|
2 ) which admits a unique explicit solution ξ 1 (s) (by the method of the variation of constants), if we impose the condition ξ 1 (0) = 0 .
With this condition the function v 4 = (Q ϑ 3 − µ 3 )a 1 − (Q ϑ 4 − µ 4 )a 0 is, for any s, orthogonal to the function u 0 in L 2 (R + ).
We return to (9.9) and define a 4 (s, τ ) by We select µ ℓ such that, F ℓ−3 (0) − µ ℓ ξ 0 (0) = 0 , and impose the following condition, ξ ℓ (0) = 0 . We divide both sides of (9.12) by 2ϑ ′ (s) and get a first order differential equation in ξ ℓ−3 (s). Under the condition ξ ℓ−3 (0) = 0, this equation has a unique solution ξ ℓ−3 (s) defined in (− 
